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Abstract
We consider integrable deformations of the XXZ spin chain for pe-
riodic and open boundary conditions. In particular, we classify all
long-range deformations and study their impact on the spectrum.
As compared to the XXX case, we have the z-spin at our disposal,
which induces two additional deformations: the short-range mag-
netic twist and a new long-range momentum-dependent twist.
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1 Introduction
Integrable spin chains constitute an important class of physical models. They naturally
appear in the context of condensed matter physics and play an important roˆle for the
AdS/CFT correspondence. It proves useful to distinguish between integrable nearest-
neighbor (NN) and long-range spin chains. The former class is characterized by a Hamil-
tonian density that acts on two neighboring spins only. These spin chains are rather
well-understood; mostly in terms of the R-matrix formalism. Long-range spin chains on
the other hand are less studied and seem to be more difficult to capture. Their most
famous representatives are the Haldane-Shastry and Inozemtsev models [1]. Long-range
spin chains also appear in the context of the AdS/CFT correspondence. Here the di-
latation operator of N = 4 super Yang–Mills (SYM) theory maps to an integrable spin
chain Hamiltonian whose higher loop corrections correspond to perturbative long-range
deformations in a small (coupling) parameter, see for instance [2].
A general framework to deal with integrable long-range spin chains was put forward
in [3,4] for periodic boundary conditions and in [5] for open chains. Based on a deformation
equation, different generators were identified to explain all degrees of freedom found in a
previous brute force approach to gl(N) symmetric long-range chains [6, 7]. In this paper
we extend the above results to a more general spin chain with two spin states (up/down)
at each site. We require that the starting Hamiltonian is homogeneous and consists of
NN interactions which preserve the number of up and down spins. The considered system
is equivalent to a long-range deformed twisted version of the Heisenberg XXZ spin chain,
and it constitutes an integrable model.
We study general long-range deformations of the periodic Hamiltonian: First we ex-
plicitly compute all long-range deformations up to range four by the brute force method.
Then we make contact with the deformation equation and relate the different degrees of
freedom to various generators of long-range deformations. We find new types of defor-
mation generators that can be built using the spin operator in z-direction. Among these
deformations is the well known NN twist as well as a class of long-ranged momentum
dependent twists. The quantum deformation parameter ~ does not fit into the above
framework of deformations which preserves the symmetry algebra. Then we extend the
discussion to open spin chains where the leading deformations are computed by brute
force and the deformations are related to their corresponding generators. Also here the
NN boundary paramters ξ∓ are not mapped to specific generators. For periodic and open
boundaries we classify all long-range deformations and their effect on the Bethe equations
and the spectrum. The different deformations are listed in Tab. 1 and Tab. 2 in Sec. 7.
This paper is organized as follows. First we discuss the twisted XXZ spin chain with
periodic boundary conditions and NN interactions. Subsequently we extend this to long-
range spin chains and give the corresponding Bethe equations. Finally we extend the
discussion to open spin chains. We end with conclusions.
2 Periodic NN Spin Chain
We first consider a general closed spin chain with two spin states (up/down) at each
site. We demand that the Hamiltonian is homogeneous and consists of nearest-neighbor
interactions which preserve the number of up and down spins. This amounts to the
so-called Heisenberg XXZ spin chain (with some twist parameters), and it constitutes
an integrable model. We will describe its Hamiltonian and the corresponding spectrum
2
through the Bethe ansatz.
Hamiltonian and integrability. The Hamiltonian on a periodic spin chain is given by
the homogeneous sum [H] of a two-site interaction kernel H over all pairs of neighboring
sites (a, a+ 1) of the chain
[H] :=
L∑
a=1
Ha. (2.1)
The most general two-site operator H which conserves the number of up and down spins
reads
H = h1(1⊗ 1) + h2(1⊗ σz + σz ⊗ 1) + h3(σz ⊗ σz)
+ h4(σ+ ⊗ σ−) + h5(σ− ⊗ σ+) + h6(1⊗ σz − σz ⊗ 1). (2.2)
Here σz, σ± := (σx ± iσy)/2 are the standard 2× 2 Pauli matrices.
Before continuing, let us look at the different terms in the Hamiltonian. The coefficient
h1 of the identity operator determines the overall energy level, while h2 multiplies the
total spin operator. Then, h3 describes the strength of the spin-spin interaction, and
h4, h5 determine the strength of the hopping terms. Finally, h6 multiplies the structure
1⊗ σz − σz ⊗ 1 which trivially vanishes on periodic chains.
The Hamiltonian (2.2) turns out to be compatible with integrability. Consider the
following trigonometric R-matrix for the XXZ chain
R(u) = eiρu
[
1⊗ 1 + σz ⊗ σz
2
+ (σ− ⊗ σ+) e
iψu sinh i~κ
sinh ~(u+ iκ)
+ (σ+ ⊗ σ−) e
−iψu sinh i~κ
sinh ~(u+ iκ)
+
(1⊗ 1− σz ⊗ σz)
2
cosh iφ sinh ~u
sinh ~(u+ iκ)
+
(σz ⊗ 1− 1⊗ σz)
2
sinh iφ sinh ~u
sinh ~(u+ iκ)
]
. (2.3)
Then it is readily shown that R satisfies the Yang–Baxter equation. In other words, this
R-matrix belongs to an integrable system.
Let us pause again to discuss the parameters of R: The coefficient ~ corresponds to
the quantum deformation parameter of the XXZ chain, whereas κ sets a scale for the
variable u. The parameter ρ affects only the overall factor of R. The coefficient φ is
generated by the two-site twist [8]
R12 → F1R12F−12 , F = exp i2φσz, (2.4)
whereas ψ is generated by the one-site similarity transformation
R(u1 − u2)→ (G(u1)⊗ G(u2))−1R(u1 − u2)(G(u1)⊗ G(u2)), G(u) = exp i2ψuσz. (2.5)
Both the twist and and the similarity transformation are well-known deformations that
preserve integrability.
At the point u = 0, the R-matrix reduces to the permutation operator. Generically, the
corresponding Hamiltonian is given by the logarithmic derivative of the transfer matrix
at this point, and consequently the Hamiltonian kernel H is found from the R-matrix as
follows
H = −i R(u)−1 d
du
R(u)
∣∣∣∣
u=0
. (2.6)
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Comparing this against the explicit form of (2.2) we find
h1 = ρ+
i~
2
coth i~κ , h2 = 0, h3 = −i~
2
coth i~κ ,
h4 =
−i~e−iφ
sinh i~κ
, h5 =
−i~eiφ
sinh i~κ
, h6 = −ψ
2
. (2.7)
This relates the five free parameters ρ, κ, ~, ψ, φ of the R-matrix to five of the degrees of
freedom of the Hamiltonian
ρ = h1 + h3, ~ = i
√
4h23 − h4h5, φ =
i
2
log
h4
h5
, i~κ = arccosh
2h3√
h4h5
, ψ = −2h6.
(2.8)
The remaining parameter h2 is associated to the overall spin operator which trivially
commutes with R.1 This establishes integrability of our spin chain Hamiltonian.
Hermiticity of the Hamiltonian and unitarity of the R-matrix correspond to φ, κ, ψ, ρ
and u being real, while ~ can either be real or imaginary.
It is easily seen that the model contains both the XXX and the conventional XXZ spin
chain. Specifying φ = ψ = 0 and κ = 1 reduces R to the conventional XXZ R-matrix,
which, in turn, can be reduced to the XXX model by taking the limit ~→ 0.
The parameters h1, h2, h6, or equivalently ρ, ψ, do not influence the eigenvectors of the
Hamiltonian and simply shift the energy eigenvalues. Thus, for concreteness and without
loss of generality we shall set
h1 = −h3, h2 = h6 = ρ = ψ = 0. (2.9)
Finally there is a degree of freedom corresponding to an overall rescaling of the Hamilto-
nian. This simply corresponds to a rescaling of u in the R-matrix. In fact, by rescaling
(u, ~) → (κu, ~κ−1) we can set κ = 1. Thus in what follows we will also fix the normal-
ization of the Hamiltonian by setting κ = 1.
Higher conserved charges. Since the model is integrable, there is a tower of com-
muting conserved charges with local kernels Qr, r = 2, 3, . . ., of range r; the Hamiltonian
H is typically identified with the lowest charge Q2. It is well known that these can be
generated recursively by the so-called boost operator B[H]. To this end we must consider
an infinite spin chain. Let L be the kernel of some local operator with some fixed range;
then the action of the operator [L] and of its boosted version B[L] on the infinite spin
chain read
[L] :=
∑
a
La, B[L] :=
∑
a
aLa. (2.10)
The kernels Qr of the higher charges are now generated recursively by the boosted Hamil-
tonian [9]
[Qr] = i
r − 1
[B[Q2], [Qr−1]]. (2.11)
1The spin operator follows from the expansion of R around u =∞ rather than around u = 0.
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Here we identify the lowest charge Q2 with the Hamiltonian H fixing some parameters as
explained above in (2.9)
Q2 = h3(σz ⊗ σz − 1⊗ 1) + h4(σ+ ⊗ σ−) + h5(σ− ⊗ σ+). (2.12)
Note that the commutator of a boosted charge with another charge is again a well-defined
local operator.
Let us explicitly spell out the charges Q3,4 since they will play a role in our discussion
of long-range deformations. The range-three operator is readily worked out from (2.11)
Q3 = i~
2
2
coth i~
sinh i~
[
e2iφ
cosh i~
(σ− ⊗ σz ⊗ σ+)− eiφ (σ− ⊗ σ+ ⊗ σz + σz ⊗ σ− ⊗ σ+)
+e−iφ (σ+ ⊗ σ− ⊗ σz + σz ⊗ σ+ ⊗ σ−)− e
−2iφ
cosh i~
(σ+ ⊗ σz ⊗ σ−)
]
. (2.13)
We furthermore find
Q4 = i~
3
3 tanh3 i~
[
1 + cosh2 i~
cosh3 i~
(eiφσ− ⊗ σ+ + e−iφσ+ ⊗ σ−) + σz ⊗ σz
cosh2 i~
+
1
cosh i~
(2e2iφσ− ⊗ 1⊗ σ+ + 2e−2iφσ+ ⊗ 1⊗ σ− + σz ⊗ 1⊗ σz)
− 1
cosh3 i~
(e3iφσ− ⊗ σz ⊗ σz ⊗ σ+ + e−3iφσ+ ⊗ σz ⊗ σz ⊗ σ−)
− 1
cosh i~
(eiφσz ⊗ σ− ⊗ σ+ ⊗ σz + e−iφσz ⊗ σ+ ⊗ σ− ⊗ σz)
+
e2iφ
cosh2 i~
(σ− ⊗ σz ⊗ σ+ ⊗ σz + σz ⊗ σ+ ⊗ σz ⊗ σ− − 2σ− ⊗ σ+ ⊗ σ− ⊗ σ+)
+
e−2iφ
cosh2 i~
(σ+ ⊗ σz ⊗ σ− ⊗ σz + σz ⊗ σ− ⊗ σz ⊗ σ+ − 2σ+ ⊗ σ− ⊗ σ+ ⊗ σ−)
+
2
cosh2 i~
(σ+ ⊗ σ− ⊗ σ− ⊗ σ+ + σ− ⊗ σ+ ⊗ σ+ ⊗ σ−)
]
. (2.14)
Notice that the above operators are trivially Hermitian provided that φ is real and ~ is
either real or imaginary.
Equivalence classes for local operators. The above construction using the boost
operator relies on an identification of operator kernels that will be particularly relevant
to the construction of long-range interactions. Let us therefore discuss it in some more
detail.
On closed and on infinite spin chains, a local operator kernel L is equivalent to the
kernel with an additional leg attached to the right or to the left which acts as the identity2
L ⊗ 1 ' L ' 1⊗ L. (2.15)
This equivalence originates from the identity of the associated homogeneous local opera-
tors on periodic chains
[L ⊗ 1] = [L] = [1⊗ L]. (2.16)
2For a closed chain this statement holds only if the range of L is less than the length of the chain.
Otherwise the action of L ⊗ 1 and 1 ⊗ L has no proper meaning. Therefore we can only identify local
operators on infinite chains with local operators on closed chains as long as the range is smaller than the
length of the chain. This ambiguity is the so-called wrapping problem.
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The boost construction (2.11) therefore does not uniquely specify the charge kernels
Qr, but merely their equivalence class [Qr]. Alternatively, we could write the boost
construction as
Qr ' i
r − 1
[B[Q2],Qr−1]. (2.17)
One can convince oneself that the choice of representative of the equivalence classes does
not play a role for the construction of the higher charges.3
In that regard it makes perfect sense to work with linear combinations of local opera-
tors of different length, see e.g. (2.14). For the definition of the (boost) action on a chain
in (2.10), one should think of La as an operator whose first leg acts on site a of the spin
chain.
Bethe ansatz. The eigenvalues of the conserved charges, including the Hamiltonian,
can be found by applying the algebraic Bethe ansatz [10]. We introduce the Lax operator
La,n and the corresponding transfer matrix T as
La,n = Rn,a(u− i2), T(u) = Tra La,1 . . .La,L. (2.18)
The eigenvalues T of the transfer matrix can be found by following [10]:
T (u|{ui}) =
M∏
i=1
e−iφ
sinh ~(u− ui − i)
sinh ~(u− ui) +
[
eiφ
sinh ~(u− i
2
)
sinh ~(u+ i
2
)
]L M∏
i=1
e−iφ
sinh ~(u− ui + i)
sinh ~(u− ui) ,
(2.19)
where this eigenvalue corresponds to a state with M magnons with rapidities u1, . . . uM .
Cancellation of the superficial poles at u = ui results in the Bethe equations[
e−iφ
sinh ~(uk + i2)
sinh ~(uk − i2)
]L
=
M∏
i=1
i 6=k
sinh ~(uk − ui + i)
sinh ~(uk − ui − i) . (2.20)
The magnon momentum and energy are then related to the first two terms in the expansion
of the transfer matrix. More precisely, the momentum P 4 and energy E are obtained by
the logarithm and logarithmic derivative at the point u = i
2
, respectively
P =
M∑
k=1
p(uk), E = Q2 =
M∑
k=1
q2(uk), (2.21)
where the magnon charges are given by
p(u) = −φ+ 1
i
log
sinh ~(u+ i
2
)
sinh ~(u− i
2
)
, q2(u) =
i~
tanh ~(u+ i
2
)
− i~
tanh ~(u− i
2
)
. (2.22)
Notice that dp/du = −q2. The transfer matrix actually generates the complete tower of
conserved charges (2.11) by a logarithmic expansion in the rapidity u. The eigenvalues Qr
3In fact, it does play a role in the definition of B[Q2], but only up to a contribution of the local
operators [1] and [σz] which commute with all charges Qr.
4The momentum P determines the eigenvalue eiP of the cyclic shift operator by one site. Consequently,
P is defined only modulo 2pi.
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of the higher conserved charges can also be written as a sum over one-magnon eigenvalues
Qr =
∑
k qr(uk). One can show that the one-magnon eigenvalues qr satisfy the following
recursion relation
qr =
1
1− r q2
d
dp
qr−1(p) =
1
r − 1
d
du
qr−1(u). (2.23)
This completely determines the spectrum of the described NN spin chain.
Let us briefly show that the conserved charges generated by the transfer matrix indeed
give rise to the correct eigenvalues of the explicit Hamiltonian (2.6) and Q3 (2.13) by
considering one magnon states. Define the vacuum state as the state where all spins are
pointing up. The one-magnon state is then defined as
|p〉 =
L∑
n=1
eipn(σ−)n|0〉, |0〉 = |↑ . . . ↑〉. (2.24)
It is easily seen that |p〉 is an eigenstate of Q2 and Q3, provided that eipL = 1, with
eigenvalues
q2(p) = 2i~
cosh i~− cosh i(p+ φ)
sinh i~
, q3(p) = −~ sinh i(p+ φ)
sinh i~
q2(p). (2.25)
These eigenvalues indeed coincide with (2.22) and (2.23).
3 Long-Range Deformations
Let us now discuss the possible perturbative long-range deformations of our XXZ spin
chain. We will denote the range of an operator L by |L|. An operator L of range |L| = r
acts on at most r spin chain sites at the same time. In what follows we append an index
NN to several nearest-neighbor quantities computed in the previous section in order to
distinguish them from their long-range counterparts considered here.
Formalism. Any NN integrable spin chain has a tower of independent conserved charges
{Qr}r=2,3,...,5 such that Q2 = H and |Qr| = r. Such a spin chain can be perturbatively
extended to a long-range spin chain, meaning that all the conserved charges (including
the Hamiltonian) have infinite range. The deformation is based on the introduction of a
parameter λ in which all the charges can be expanded
Qr(λ) =
∞∑
k=0
Q(k)r λk, (3.1)
such that |Q(k)r | = r + k and Qr(0) = Q(0)r = Qr. This new family {Qr(λ)} then defines
an integrable model provided that
[
[Qr(λ)], [Qs(λ)]
]
= 0, ⇔
k∑
n=0
[
[Q(n)r ], [Q(k−n)s ]
]
= 0 ∀k. (3.2)
5Sometimes Q1 is regarded as the momentum and is also a conserved charge.
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For k = 0 this trivially reduces to the commutation relations of the nearest-neighbor spin
chain we started with. At this point we would also like to point out the trivial perturbative
deformations for which |Q(k)r | is not increasing when k → k+1. They are simply obtained
by making the coefficients of the Hamiltonian functions of λ. Note that for a given spin
chain this definition of long-range charges is only valid up to the (wrapping) order where
the operator wraps the whole state.
First order. Let us, by explicit computation, find the different long-range deformations
of the XXZ spin chain perturbatively. The first non-trivial commutation relation from
(3.2) that we want to be satisfied is[
[Q(1)2 ], [Q(0)3 ]
]
+
[
[Q(0)2 ], [Q(1)3 ]
]
= 0, (3.3)
where again [L] represents the homogeneous sum of the local kernel L. We would like
to compute all non-trivial solutions to the above equation that give rise to a consistent
long-range spin chain.
To this end, it is useful to divide the above equation into a homogeneous and a non-
homogeneous part. Solutions Q¯(1)2 , Q¯(1)3 to the homogeneous part are defined such that[
[Q¯(1)2 ], [Q(0)3 ]
]
=
[
[Q(0)2 ], [Q¯(1)3 ]
]
= 0. (3.4)
The explicit solutions for Q¯(1)2 , Q¯(1)3 are
Q¯(1)2 = a1 + a2Z + a3Q(0)2 + a4Q(0)3 , (3.5)
Q¯(1)3 = b1 + b2Z + b3Q(0)2 + b4Q(0)3 + b5Q(0)4 , (3.6)
where ai, bi are free parameters. Here we have introduced Z as a combination of the unit
1 and spin operator σz
Z = 1
2
(1− σz). (3.7)
It is particularly convenient for the Bethe ansatz because it counts the number of spin
flips M above the vacuum in the magnon excitation picture. The above long-range de-
formations are trivial in the sense that they either correspond to adding the total spin or
identity operator to our Hamiltonian or simply mix the already known conserved charges.
Consequently, the effect on the spectrum is known and given by
Q¯2 = Q
(0)
2 + λ(a1L+ a2M + a3Q
(0)
2 + a4Q
(0)
3 ) + . . . . (3.8)
This then leaves us with the space of solutions of (3.3) that do not commute independently.
We find six possible deformations of the Hamiltonian satisfying (3.3)
a5(e
−iφσ+ ⊗ σ− + eiφσ− ⊗ σ+)+
ia6(e
−iφσ+ ⊗ σ− − eiφσ− ⊗ σ+)+
a7(σz ⊗ 1⊗ σz + 2e2iφσ− ⊗ 1⊗ σ+ + 2e−2iφσ+ ⊗ 1⊗ σ−)+
ia8(e
2iφσ− ⊗ 1⊗ σ+ − e−2iφσ+ ⊗ 1⊗ σ−)+
a9[(σ− ⊗ σ+ + σ+ ⊗ σ−)⊗ σz − σz ⊗ (σ− ⊗ σ+ + σ+ ⊗ σ−)]+
ia10[(σ− ⊗ σ+ − σ+ ⊗ σ−)⊗ σz + σz ⊗ (σ− ⊗ σ+ − σ+ ⊗ σ−)]. (3.9)
It is easily seen that our deformations are Hermitian if and only if the coefficients ai are
real. To each deformation Q(1)2 of the Hamiltonian corresponds a deformation Q(1)3 of the
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next higher charge that involves the same set of parameters. The deformations propor-
tional to a1, a3, a5, a6 simply arise from making the various parameters in the Hamiltonian
λ-dependent. Such a deformation does not affect the range of the Hamiltonian and the
higher charges and its effect on the spectrum is once again simple. It is actually a defor-
mation of the NN model rather than a long-range deformation.
This means that at this order, there are exactly four non-trivial long-range deforma-
tions of the spin chain corresponding to non-trivial values of a7,8,9,10. Their effect on the
spectrum of the spin chain will be discussed in the next section.
Computing the commutator between Q2,Q4 to first order in λ shows a similar struc-
ture. To every non-trivial long-range deformation of the Hamiltonian corresponds a unique
non-trivial deformation of central charge Q4. Assuming that this structure does not break
down for the other conserved charges, we see that we have found all long-range deforma-
tions that preserve integrability to leading order in λ.
Second order. The next-to-leading order in λ relates Q(2)r to the leading order deforma-
tions studied in the previous paragraph. To second order in λ, the commutator between
the Hamiltonian and the next central charge becomes[
[Q(2)2 ], [Q(0)3 ]
]
+
[
[Q(1)2 ], [Q(1)3 ]
]
+
[
[Q(0)2 ], [Q(2)3 ]
]
= 0. (3.10)
Solving this gives 23 possible solutions for Q(2)2 . The solutions clearly depend on Q(1)2 ,
hence deforming the Hamiltonian with a term linear in λ only gives rise to an integrable
spin chain if the Hamiltonian also gets a corresponding correction at order λ2. This
pattern will continue and thus deforming our Hamiltonian will automatically imply that
all operators become of infinite range. However, taking λ to be small we can simply work
to a given order in λ and actually avoid this problem. At λ2 we find 23 degrees of freedom
in addition to the 10 that we found previously at order λ.
4 Deformation Equation
In the previous section we identified the first few non-trivial long-range deformations
of the Hamiltonian that preserve integrability. In this section we will describe them in
a constructive way by means of the so-called deformation equation. This allows us to
classify all the deformations at any given order.
4.1 Deformation Equation
Consider the first order differential equation
d
dλ
[Qr(λ)] = i
[
X(λ), [Qr(λ)]
]
, Qr(0) = Qr. (4.1)
It is readily seen that the solutions Qr(λ) of (4.1) still commute and hence, provided that
these operators are homogeneous and local, they give rise to an integrable spin chain.
Explicitly, one can recursively solve the higher charges as follows
[Q(k+1)r ] =
i
k + 1
k∑
i=0
[
X(i), [Q(k−i)r ]
]
, X =
∞∑
i=0
X(i)λi. (4.2)
There are three types of operators X such that the solutionsQr of (4.1) are local operators:
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• local operators [L],
• boosted charges B[Qr] and B[Z],
• bilocal charges [Qr|Qs] and [Z|Qr].
The boosted operator can be any operator that commutes with the Hamiltonian. Ob-
viously, these are the conserved charges Qr, but also 1, σz. Since 1 yields a trivial de-
formation, we choose to add the operator Z = 1
2
(1 − σz) defined in (3.7) which has a
vanishing vacuum eigenvalue. This will be convenient for the physical interpretation of
corresponding deformations in the Bethe equations.
Finally, for any commuting family of charges {Qr(λ)} the linear combinationsQr(λ)→
γr,sQs(λ) trivially give rise to an acceptable deformation. Notice that when r = s+ 1 we
could write it in the form of the deformation equation since Qr+1 ' ir−1 [B[Q2],Qr]. We
will now discuss in detail the different types of deformations.
Local operators. For any local operator X = [L], the commutator [X,Qr] is trivially
local again. Let L be an operator of range |L| = l, then the range of the deformed operator
is simply [[L],Qr] = r+ l−1. In this case the deformation equation (4.1) is solved exactly
by Qr(λ) = eiλXQre−iλX, which is simply a globally defined similarity transformation on
the closed spin chain. As such, these deformations do not affect the spectrum of the
conserved charges Qr. Notice that L = Qs induces trivial transformations, and has no
associated deformation parameters.
Boosted charges. As discussed in Sec. 2, the commutator of a boosted charge with
the conserved charges results again in a local operator. In particular, commutators with
the boosted Hamiltonian generate all higher charges for the NN model. In general,
|[B[Qr],Qs]| = r + s− 1, however it can be shown that [3][B[Qr],Qs] ' Qr+s−1 + lower range. (4.3)
In other words, if we combine a basis transformation with a boost we can reduce the
length by at least one. This opens up one additional deformation of the Hamiltonian at
range k.
Furthermore we can deform with the boost B[Z] of the spin operator Z which does
not increase the range of the deformed charge. Hence, this is a NN deformation which
generates the twist φ that was already introduced in Sec. 2.
Bilocal charges. The last class of operators that generate acceptable long-range de-
formations through the deformation equation are the bilocal charge. Given two local
operators Lr,Ls, we define the corresponding bilocal operator [Lr|Ls] as
[Lr|Ls] = 12
∑
a,k
Θ(k − 1
2
(|Lr| − |Ls|)){Lr(a),Ls(a+ k)}, (4.4)
where {·, ·} is the usual anti-commutator and Θ is the step function Θ(x) = 0, 1
2
, 1 for
x < 0, x = 0, x > 0, respectively. Local deformations are then obtained by inserting the
local charges into the bilocal operator, e.g. by deforming with [Qr|Qs] or [Z|Qr].
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4.2 Finding the Deformations
Let us now reproduce the deformations that we found by explicit computations in the
previous section.
First orders. The deformations (3.5) with coefficients a1,2,3,4 are simply obtained by
a change of the basis of charges. Furthermore, the deformations with parameter a5,6
are obtained by making the coefficients of the Hamiltonian λ-dependent. However, it is
instructive to notice that the deformation a6 can actually be generated by the deformation
equation for X = B[Z], whereas the a5 contribution can not.
In the end, this leaves us with the non-trivial deformations a7, . . . a10. A quick counting
reveals that we can get a non-trivial result from the deformation equation at this order
from two local operators, one bi-local operator and a boost. In other words, the degrees
of freedom match.
Let us first study the deformations coming form local operators. These need to be of
range two and spin preserving, which leads us to
L = a9(σ+ ⊗ σ− − σ+ ⊗ σ−) + ia10(σ+ ⊗ σ− + σ+ ⊗ σ−). (4.5)
Perturbatively solving the deformation equation produces exactly the correct long-range
deformations from (3.9).
Next we turn to the bilocal operator. Obviously, there is only one such operator that
generates a deformation of the Hamiltonian of range three, namely [Z|Q(0)2 ]. The com-
mutator with the Hamiltonian is readily computed to be the deformation corresponding
to a8 from (3.9) combined with some NN deformations.
Finally, there is only the boost left. In order to get the correct range we have to
combine it with a basis transformation and subtract Q(0)4 , resulting in
Q(1)2 =
[B[Q(0)3 ],Q(0)2 ]− 32iQ(0)4
= 6ih3(−2h24 σ+ ⊗ 1⊗ σ− − h4h5σz ⊗ 1⊗ σz − 2h25σ− ⊗ 1⊗ σ+) + NN. (4.6)
We find the final remaining degree of freedom a7 from (3.9) apart from the range two
terms, whose exact form is unimportant since they are NN deformations and can again
be absorbed into a5,6.
A quick computation shows that at the next order we also find all 23 possible de-
formations by similar arguments. For completeness, let us briefly enumerate the 13 new
operators that generate these deformations. There is one new boost B[Q4], one new ba-
sis transformation Q4, two new bilocal operators [Z|Q(0)3 ], [Q(0)2 |Q(0)3 ] and finally 9 local
operators:
σ+ ⊗ 1⊗ σ−, σ− ⊗ 1⊗ σ+, σz ⊗ σz ⊗ σz,
σ+ ⊗ σz ⊗ σ−, σ− ⊗ σz ⊗ σ+, σ+ ⊗ σ− ⊗ σz, (4.7)
σz ⊗ σ+ ⊗ σ−, σz ⊗ σ− ⊗ σ+, σz ⊗ 1⊗ σz.
Notice that a priori there is one more non-trivial local operator σ−⊗σ+⊗σz but since it
can be expressed by Q3 and the other local operators it does not generate an independent
deformation.
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Higher orders. We can enumerate the different possible deformations of the spin chain
Hamiltonian explicitly. A deformation such that the deformed Hamiltonian will be of
range ≤ k is simply a combination of the various deformations outlined in this section.
Firstly, there are the basis transformations that are of the form
Q2 → a0 + a1Z + a2Q2 + . . . akQk. (4.8)
This obviously provides Nbasis = k + 1 independent deformations.
Next, there are the deformations obtained by using local operators in the deformation
equation. Since the commutator of a local operator of range r and the Hamiltonian is a
local operator of range r+1 we need to enumerate local operators of range ≤ k−1. Local
operators that preserve the total spins up and down can be classified easily. In particular,
for a range ≤ r operator the number of independent ways to map a state with l spins
down to some state with l spins down is simply
(
r
l
)2
. Therefore, the total number of local
operators is given by (
2r
r
)
=
r∑
l=0
(
r
l
)2
. (4.9)
However, this counting of course includes trivial operators that vanish on closed spin
chains. In other words, we have to identify operators according to (2.16). The number of
vanishing operators is (
2r − 2
r − 1
)
− 1. (4.10)
Because [Q2] commutes with [1], [Z], [Qr] these do not give rise to non-trivial deformations.
Summarizing, we are left with
Nlocal =
(
2k − 2
k − 1
)
−
(
2k − 4
k − 2
)
− k + 1 (4.11)
local operators that generate non-trivial deformations of range at most k.
Furthermore, we have the deformations generated by boosts
φB[Z] + α2B[Q2] + α3B[Q3] + . . .+ αkB[Qk], (4.12)
where we tacitly assume that we apply the length reducing procedure outlined in (4.3).
Now since B[Q2] simply generates Q3, which was already accounted for as a basis trans-
formation, we obtain Nboost = k − 1 different boost deformations. Recall that B[Z] is
actually a NN deformation since it does not increase the range of the Hamiltonian but
rather makes the parameter φ dependent on the coupling λ.
This finally leaves us with bilocal operators that are built from two conserved quan-
tities. Bilocal operators [Qr|Qs] can always be chosen such that r < s. The commutator
[[Qr|Qs],Q2] is then an operator of range s+ 1.6 Hence, we find
Nbilocal =
1
2
(k − 1)(k − 2). (4.13)
There are two permissible NN deformations that are still unaccounted for, namely ~→
~(λ) and ψ → ψ(λ). In fact, the latter cannot appear since it multiplies a structure that
vanishes on closed chains. As far as we can tell, the relevant deformation ~→ ~(λ) cannot
6Note that this is only true for a specific choice of local regularization of the bilocal operator (4.4)
which corresponds to a similarity transformation in the deformation equation.
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be obtained via the formalism of the deformation equation. Actually, this deformation
would allow us to deform the XXX spin chain to the XXZ spin chain. As such, ~ is a
parameter of the quantum affine group underlying the XXZ model. Since the deformation
equation preserves the algebra by construction, it evidently cannot deform the parameter
~.
Thus the total number of deformations of the Hamiltonian that have range at most k
reads
Ntot =
(
2k − 2
k − 1
)
−
(
2k − 4
k − 2
)
+ 1
2
(k2 − k + 6). (4.14)
Evaluating this for k = 3, 4 we find 10, 23 which perfectly agrees with deformations we
identified in Sec. 3.
5 Asymptotic Spectrum
We study how the long-range deformations affect the Bethe equations for a closed chain.
We will consider rotations on the basis of charges only as far as they are required to
minimize the range of interactions. We also assume that the charge operators have a
vanishing vacuum eigenvalue.
Deformed Bethe Equations. In [4, 3] it was shown that the long-range Bethe equa-
tions for M magnons on a closed chain of length L take the generic form (up to the
adjustment of the scattering factor for XXZ chains)
exp
(
ip(uk)L
)
=
M∏
j=1
j 6=k
exp
(−2iθ(uk, uj))sinh ~(uk − uj + i)
sinh ~(uk − uj − i) . (5.1)
There are three types of deformations compared to the NN chain at leading order: The
magnon momentum p(uk) as a function of the magnon rapidity uk receives corrections in
λ. The q-deformation parameter ~ in the NN scattering factor becomes a function ~(λ)
of the coupling constant λ. There are additional contributions to the phase summarized
in the function θ(uk, uj).
Let us first discuss the phase θ(uk, uj) associated to bilocal deformations. In our
framework it takes the form
θ(uk, uj) =
∞∑
s>r=2
βr,s
(
qr(uk)qs(uj)− qs(uk)qr(uj)
)
+
∞∑
r=2
ηr
(
qr(uk)− qr(uj)
)
. (5.2)
The coefficient βr,s(λ) is associated to bilocal deformations [Qr|Qs] composed from two
integrable charges Qr,Qs [4]. A new feature as compared to earlier work is the coefficient
ηr(λ) which originates from bilocal deformations [Z|Qr] involving the spin operator Z =
1
2
(1− σz).
Charge Eigenvalues. It remains to understand the deformations of the momentum
p(u) and the charges qr(u). These are induced by the deformation operators B[Qr] to-
gether with a suitable rotation of basis to minimize the range. The associated parameters
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are called αr(λ). Note that the extra boost deformation B[Z] generates the NN twist
parameter φ(λ) included into the momentum (cf. (2.22)).
The functions p(u), qr(u) are determined by differential equations in the parameters
αr, but not in u [4]. Therefore they can be written as linear combinations
p(u) = pNN(u) +
∞∑
r=2
γr(λ)q
NN
r (u),
qr(u) = q
NN
r (u) +
∞∑
s=r+1
γr,s(λ)q
NN
s (u) (5.3)
of the magnon dispersion relations pNN(u), qNNr (u) at leading order (but with the full
quantum-deformation parameter ~(λ)). The dispersion relations for the XXZ spin chain
are well-known, see (2.22,2.11). The coefficients γr,s are precisely the same as for the XXX
system since the minimization of length turns out to be universal. In the XXX system
the γr,s can be identified as expansion coefficients for the following equations [4]
log x(u) = log u−
∞∑
s=2
γs(λ)
1
s− 1
1
us−1
,
1
x(u)r−1
=
∞∑
s=r
γr,s(λ)
r − 1
s− 1
1
us−1
. (5.4)
Here the function x(u) is defined as the inverse of the function
u(x) := x+
∞∑
n=3
αn
xn−2
. (5.5)
Note that the above relationships can also be expressed by means of a generating
function of charges and the residue theorem [4].
6 Open Spin Chain
In this section we generalize the above investigations to the open XXZ spin chain with
diagonal boundary conditions. For open integrable spin chains merely the even charges
Q2r (r = 1, 2, . . . ) with range |Q2r| = 2r furnish conserved quantities while the odd charges
only commute up to boundary terms. Similar long-range models with open boundary
conditions were studied in [7, 5] and we will heavily rely on those results.
6.1 NN Hamiltonian and Integrability
Consider the following open spin chain Hamiltonian with diagonal boundary conditions
Hopen = H− + [Hbulk] +H+, H∓ = h1,∓ + h2,∓σz. (6.1)
The bulk Hamiltonian Hbulk is the same as in (2.2) and the boundary Hamiltonians H∓
act on one site at the left or right boundary, respectively.
Also this Hamiltonian is integrable as can be seen using the methods introduced by
Sklyanin [11] (cf. also [12,13] and App. B): The bulk Hamiltonian follows from the same
arguments as above, thus the coefficients h1,...,6 are parametrized as in the periodic case
(2.7). Consider now the diagonal reflection matrices
K−(u) = K(u, ξ−, ζ−) = eiζ−u diag
(
e−iψu sinh ~(ξ− + u), e+iψu sinh ~(ξ− − u)
)
, (6.2)
K+(u) = K(−u− iκ,−ξ+, 0)M, M = diag(eκψ, e−κψ). (6.3)
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The boundary contributions to the Hamiltonian coming from the reflection matrices take
the form
H− = − i
2
K−1− (u)
dK−(u)
du
∣∣∣∣
u=0
= −1
2
(
ψ + i~ coth ~ξ−
)
σz +
ζ−
2
, (6.4)
H+ =
Tr0
[(
1⊗K+(0)
)HL,0]
Tr K+(0) = +
1
2
(
ψ − i~ coth ~ξ+
)
σz
+
(
ρ+ i
2
~ coth i~κ− ψ
2
coth ~ξ+ tanh i~κ
)
. (6.5)
The complete Hamiltonian (6.1) is thus obtained by identifying
h1,− =
1
2
ζ−, h1,+ = ρ+ i2~ coth i~κ−
ψ
2
coth ~ξ+ tanh i~κ,
h2,− = −1
2
(
ψ + i~ coth ~ξ−
)
, h2,+ =
1
2
(
ψ − i~ coth ~ξ+
)
. (6.6)
Note that the coefficient ψ cancels among the contribution h6 = −ψ/2 from the R-matrix
and the contributions h2,∓ coming from the K-matrices. As for the closed chain, it thus
completely drops out of the overall open spin chain Hamiltonian Hopen since it parametrizes
the similarity transformation (2.5) extended to the K-matrices [13]
K−(u)→ G(u)−1K−(u)G(u¯), K+(u)→ G(u¯)−1K+(u)G(u). (6.7)
Now we again remove some inessential freedom from the Hamiltonian to keep the
analysis simple. In particular we eliminate the vacuum energy contribution from the
boundary by adjusting ζ− such that h1,−+h2,−+h1,+ +h2,+ = 0. As before, we shall also
normalize h2 = ψ = 0 and κ = 1.
The double-row transfer matrix generalizing (2.18) to open boundaries takes the form
Topen(u) = TraK+(u)La,1(u) . . .La,L(u)K−(u)L−1a,L(u¯) . . .L−1a,1(u¯), (6.8)
and the Bethe equations for the open NN chain read[
sinh ~(uk + i2)
sinh ~(uk − i2)
sinh ~(u¯k − i2)
sinh ~(u¯k + i2)
]L
=
sinh ~(ξ− − uk − i2)
sinh ~(ξ− + uk − i2)
sinh ~(ξ+ + u¯k − i2)
sinh ~(ξ+ − u¯k − i2)
×
M∏
j=1
j 6=k
sinh ~(uk − uj + i)
sinh ~(uk − uj − i)
sinh ~(u¯k − uj − i)
sinh ~(u¯k − uj + i) ,
(6.9)
where u¯ = −u denotes the reflection map. The latter is defined by requiring that in the
bulk a plane wave with momentum p has the same dispersion relation as the reflected
plane wave with momentum p¯: H|p〉 = H|p¯〉. Note that eip¯ = e−2iφe−ip = eip(u¯).
The open chain Bethe equations are invariant under the reflection map for each indi-
vidual Bethe root, uj → u¯j = −uj. In that sense, each Bethe root is defined only modulo
its sign.
The coefficients ξ∓ parametrize two boundary phases which have an independent effect
on the spectrum. The twist parameter φ does not appear in the Bethe equations since the
associated NN generator B[Z] corresponds to a globally defined similarity transformation
on the open spin chain.
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6.2 Deformations on Semi-Infinite Chains
Open long-range spin chains are defined perturbatively in analogy to the periodic case.
On open chains the basis of non-trivial local operators is enlarged by the set of boundary
terms taking the form
L1 = L − 1⊗ L, LL = L − L⊗ 1. (6.10)
These operators only act on a left or right boundary, respectively, and vanish identically
on periodic spin chains. In other words, the equivalence relation (2.16) is released on
the open chain and each representative of the periodic equivalence classes becomes a
distinct operator. For instance, this allows to rewrite the contribution from the boundary
Hamiltonians H∓ in (6.1) as the kernel
Hopen = (H− − 1⊗H−) +Hbulk + (H+ −H+ ⊗ 1). (6.11)
Similarly to the wrapping order for periodic chains, the definition of long-range open
chains breaks down at spanning order, that is at the perturbative order where the charge
deformations span the whole spin chain. We will implement this by setting the following
spanning terms to zero throughout this chapter:
L1,L = 1⊗ L⊗ 1− 1⊗ L− L⊗ 1 + L. (6.12)
Spanning terms exclusively act on chains of length |L| and vanish on all other chains.
Semi-infinite chains. In [5] it was introduced how to obtain long-range deformations
for finite integrable spin chains with open boundaries from two semi-infinite chains. The
method is briefly sketched as follows: Making use of the deformation equation (4.1) on
left- (−) and right- (+) open spin chains7 8
d
dλ
[Q2r,∓(λ)] = i[X∓(λ), [Q2r,∓(λ)]]
∣∣∣
∓
, (6.13)
two sets of deformed charges are found. Here |∓ denotes application of left- or right-open
boundary conditions, respectively. We may then define charges Q2r on a finite open chain
by requiring that
Q2r ' Q2r,−
∣∣
−, Q2r ' Q2r,+
∣∣
+
. (6.14)
Note that this implies that the bulk equivalence classes of Q2r,− and Q2r,+ have to match
each other which can be achieved by adaption of the respective deformation coefficients.
In order to obtain local deformations, the generators X− and X+ for the left- and
right-open case can and have to be chosen differently.
The above construction allows to use the odd charges of the periodic system for build-
ing generators of the open long-range model. In fact, only generators involving these odd
charges yield non-trivial long-range deformations. The odd charges, however, are only
7A left-open chain is a semi-infinite chain with an open boundary on the left hand side and infinite
extent on the right hand side. A right-open chain is defined analogously.
8Note that [L] denotes application of the kernel L to the whole spin chain no matter whether we are
dealing with finite or semi-infinite chains.
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well defined modulo boundary terms, i.e. up to the equivalence relation (2.16). Modifica-
tion of these boundary terms in a bilocal generator amounts to a local deformation that
can be compensated by other local generators.
In the regime of validity of open long-range spin chains the left and right boundaries
decouple. In what follows we will therefore mostly discuss left-open spin chains explicitly.
This implies that all operators of the form LL in (6.10) are set to zero. We may obtain
the respective contributions for the right boundary using the parity map.
Brute force deformations. In analogy to the periodic case we study the commuta-
tor of the first two long-range charges (3.2) at first perturbative order in the expansion
parameter λ on left-open chains:[
[Q(1)2 ], [Q(0)4 ]
]
+
[
[Q(0)2 ], [Q(1)4 ]
]
= 0. (6.15)
In total, we find that the solution to this equation has 13 degrees of freedom, i.e. the 10
bulk parameters found above plus 3 parameters coming from the boundary.9
The homogeneous solutions are given by
Q¯(1)2 = a1 + a2Z + a3Q(0)2 , (6.16)
Q¯(1)4 = b1 + b2Z + b3Q(0)2 + b4Q(0)4 , (6.17)
and correspond to a trivial shift of the spectrum parametrized by the free coefficients ai,
bi. The remaining solutions of (6.15) yield ten independent degrees of freedom a4,...,13
and the parameters a4,...,10 correspond to the periodic deformations a4Q(0)3 in (3.5) and
(3.9) in the periodic limit, i.e. when the periodic equivalence relation (2.16) is applied.
The coefficients a11,...,13 represent new degrees of freedom on the semi-infinite chain. The
explicit operators are lengthy and their form is not very illuminating. In the following we
will express them in terms of deformation generators as in the periodic case.10
Deformation equation. In this paragraph we explicitly discuss the deformations on
the left-open chain to match the degrees of freedom found in the previous paragraph. We
distinguish the following nontrivial deformation generators:11
• odd boosted charges B[Q2r+1],
• even/odd bilocal charges [Q2r|Q2s+1] and [Z|Q2s+1],
• odd local charges Q2r+1.
Here the boost operator on the left-open chain is defined as B[L] = [1|L] (on the right-
open chain it is [L|1]). Furthermore other local operators as well as the generators B[Q2r],
B[Z] and [Q2r,|Q2s] yield similarity transformations of the open spin chain model.
9Note that here and in the following we will neglect trivial degrees of freedom where the identity acts
on the left (11) or right (1L) boundary, respectively. Both are formally encoded by the operator 1−1⊗1.
The corresponding terms will be set to zero to simplify the expressions and the counting of degrees of
freedom. Reintroducing these terms is required to keep the vacuum eigenvalue of the charges trivial.
10As expected we find 16 = 10 + 3 + 3 free parameters when counting the degrees of freedom on the
finite open chain. That is to say that the number of pure boundary parameters gets doubled on the finite
chain. In addition, there is 1 parameter to adjust the vacuum energy due to the presence of boundaries.
11Note that [Q2r|Q2s+1] and [Z|Q2s+1] do not contribute at the leading order generated by the brute
force method.
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Let us now match the deformations obtained in the previous paragraph by considering
the deformation equation (6.13) on a left-open spin chain. The ten independent degrees
of freedom at range three correspond to the following deformations mainly induced by
(6.13):
a4i
[B[H(0)],H(0)]+ a5(e−iφσ+ ⊗ σ− + eiφσ− ⊗ σ+)+ a6i[B[Z],H(0)]
+ a7(i
[B[Q(0)3 ],H(0)]− 32Q(0)4 ) + a8i[[Z|H(0)],H(0)]+ a9i[[σ+ ⊗ σ− − σ− ⊗ σ+],H(0)]
+ a10i
[
[σ+ ⊗ σ− + σ− ⊗ σ+],H(0)
]
+ a11i
[
[Q(0)3 ],H(0)
]
+ a12(Z − 1⊗Z)
+ a13i
[
[σz − 1⊗ σz],H(0)
]
. (6.18)
On the finite open chain, the corresponding deformations have the following physical in-
terpretations: The paramter a4 as well as the twist deformation parameter a6 represent
boost similarity transformations. Furthermore a8 denotes a bilocal similarity transforma-
tion while a9 and a10 correspond to local bulk similarity transformations. The parameter
a7 represents a deformation of the rapidity map, i.e. the map between the rapidity u
and the momentum p. The coefficients a5 and a12 are not captured by the deformation
equation and correspond to making the parameters ~ and ξ functions of the deformation
parameter λ. The parameters a11...13 multiply pure boundary terms that are discussed in
more detail below. Note that the operator proportional to a7 has range three only for a
certain choice of boundary terms of Q(0)3 .12 Here we have used
Q(0)3 =
i~2
2
coth i~
sinh i~
[ e2iφ
cosh i~
σ− ⊗ σz ⊗ σ+ − eiφ (σ− ⊗ σ+ ⊗ σz + σz ⊗ σ− ⊗ σ+)
+ e−iφ (σ+ ⊗ σ− ⊗ σz + σz ⊗ σ+ ⊗ σ−)− e
−2iφ
cosh i~
σ+ ⊗ σz ⊗ σ−
]
+
i~2
2
[
coth ~ξ−
(
eiφ(1⊗ σ− ⊗ σ+ − σ− ⊗ σ+)− e−iφ(1⊗ σ+ ⊗ σ− − σ+ ⊗ σ−)
)
+ coth ~ξ+
(
eiφ(σ− ⊗ σ+ ⊗ 1− σ− ⊗ σ+)− e−iφ(σ+ ⊗ σ− ⊗ 1− σ+ ⊗ σ−)
)]
.
(6.19)
Boundary terms on finite chains. In order to promote the above deformations to
the finite open chain one may follow the procedure outlined in [5] and combine the de-
formations from the left-open chain with corresponding deformations on the right-open
chain according to (6.14). The combined deformations are constructed to have match-
ing bulk terms, e.g. a−k = a
+
k for k = 1, . . . , 10, which guarantees integrability of the
resulting charges. Conversely, pure boundary contributions can be different for the two
semi-infinite chains, e.g. the left-open parameters a−k for k = 11, . . . , 13 are independent
of the corresponding right-open parameters a+k .
Note the special role of the odd chargesQ2r+1 as a deformation operator in this context:
Since the latter generate pure boundary terms (i.e. the bulk terms trivially match), the
deformations on the left- and right-open chains yield admissible independent long-range
deformations. We thus obtain two degrees of freedom a−11, a
+
11 on the finite chain. The sum
of these degrees of freedom corresponds to a similarity transformation while the difference
generates a boundary phase.
Also the parameters a12 and a13 each split into a left and right boundary degree of
freedom on the finite chain. The parameters a−13 and a
+
13 both represent similarity trans-
12Alternatively, the terms of range four can be compensated by a local operator transformation.
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formations induced by boundary operators while the coefficients a−12 and a
+
12 correspond
to making the NN boundary parameters ξ∓ dependent on λ.
6.3 Asymptotic Spectrum
In [5] it was shown that the long-range Bethe equations for M magnons on an open spin
chain of length L take the form (where u¯ = −u denotes the rapidity of reflected magnons)
exp
(
ip(uk)L− ip¯(uk)L
)
= S−(uk, u¯k)S+(u¯k, uk)
M∏
j=1
j 6=k
S(uk, uj)S
−1(u¯k, uj). (6.20)
The dispersion relations p(u), q2r(u) take the form (5.3) with the inessential parameters
φ = α2r = γ2r,2s+1 = 0.
13 The scattering factors are given by the bulk expression
S(u, u′) =
sinh ~(u− u′ + i)
sinh ~(u− u′ − i) e
2iθ(u,u′) (6.21)
and the boundary factor
S−(u, u¯)S+(u¯, u) =
sinh ~(ξ− − u− i2) sinh ~(ξ+ + u¯− i2)
sinh ~(ξ− + u− i2) sinh ~(ξ+ − u¯− i2)
e2iω−(u,u¯)+2iω+(u¯,u). (6.22)
The dressing phase θ takes the form (5.2) with β2r+1,2s+1 = β2r,2s = η2r = 0 and the
reflection phase ω(u, u¯) is given by14
ω−(u, u¯) + ω+(u¯, u) =
∞∑
r=1
δ2r+1q2r+1(u)− θ(u¯, u). (6.23)
Here the parameters δ2r+1 are induced by deformations with the odd charges. For details
on the boundary phase induced by bilocal charges see App. C. The individual left and
right boundary reflection factors S− and S+ receive additional deformations from B[Q2r+1],
[Z|Q2r+1] and [Q2r|Q2s+1]. The physical quantity appearing in the Bethe equations is the
product S−(u)S+(u¯) which does not contain these deformations.
7 Conclusions
In this paper we considered the most general nearest-neighbor spin chain Hamiltonian
which preserves the number of up and down spins. This underlying nearest neighbor spin
chain is equivalent to the XXZ spin chain with some additional twist parameters. We
determined its spectrum by means of the algebraic Bethe ansatz.
13As discussed above, all of these parameters correspond to globally-defined similarity transformations
which have no impact on the spectrum. One might leave these parameters in the Bethe equations and
make sure that they have no effect under the transformation u→ u¯. However, such a cancellation appears
to require substantially more complicated expressions. To avoid such (unphysical) complications, we
shall simply set these unessential parameters to zero. Consequently, all charges are parity-even: u¯ = −u,
p¯(u) = −p(u), q¯r = (−1)rqr.
14Note that the dressing phase term θ(u¯, u) in the boundary phase can be understood as a contribution
from the product on the right hand side of (6.20) for j = k.
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Operator Deformation Parameter
[Qr] trivial —
[L] similarity []
B[Qr] rapidity αr
[Qr|Qs] dressing phase βr,s
B[Z] twist φ
[Z|Qr] momentum twist ηr
— q-deformation ~
basis change eigenvalues γr,s, γr,1, γr,Z
Table 1: Overview of different integrable deformations for the XXZ spin chain
with periodic boundary conditions. The parameters in square brackets have no
impact on the spectrum.
We then classified all long-range deformations of this Hamiltonian that preserve in-
tegrability. This was first done by explicitly computing all such deformations of the
Hamiltonian of range three and four or less. We found that the Hamiltonian admits ten
possible deformations of at most range three (3.5,3.9) and twenty-three at range four.
They can be split into three parts; trivial, NN and long-range. The trivial deformations
(3.5) simply correspond to adding operators that already commute with the conserved
charges. The NN deformations are those that arise from a change in the parameters of
the Hamiltonian. This then leaves four non-trivial long-range deformations described by
the terms a7,8,9,10 from (3.9).
The found deformations were subsequently understood in the general framework put
forward in [4, 3]. This formalism uses the first order equation (4.1) to generate deforma-
tions. We showed that all long-range deformations are expressible by suitable operators
in the deformation equation. We also found that one of the NN deformations, the twist,
is generated by the boost of the spin operator in z-direction B[Z]. Unfortunately, we
could not fit the q-deformation parameter ~ into the general deformation framework. We
did not find a deformation operator that would generate the quantum deformation con-
sistently for all generators. This result is in fact to be expected, since ~ parametrizes
a family of inequivalent quantum groups whereas the deformation framework does not
deform the underlying quantum group. It would be interesting to find out if and how the
framework could be generalized to accommodate this deformation parameter. It would,
in other words, allow to deform the XXX chain into the XXZ chain.
The effect of the long-range deformations on the Bethe equations and corresponding
spectrum was also derived. It affects the spectrum by introducing a so-called dressing
phase (5.2) and by modifying the dispersion relation (5.3).
Finally we studied the open XXZ spin chain. We considered the case of diagonal
boundary conditions. We again determined the possible deformations by a brute force
calculation and matched those to solutions of the deformation equation. Here a distinction
has to be made between even and odd charges. All possible deformations and their effect
on the spectrum for both open and closed spin chains are summarized in Tab. 1 and
Tab. 2.
In this and the preceding studies of the considered deformation method, several com-
binations of bilocal charges were identified that lead to integrable deformations. Recently
a dressing phase contribution including the momentum was analyzed in the context of the
AdS3/CFT2 correspondence [14]. It would be interesting to investigate a bilocal generator
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Left-open Right-open Deformation Parameter
[Q2r+1] +[Q2r+1] similarity []
[Q2r+1] −[Q2r+1] boundary phase δ2r+1
[Q2r] ±[Q2r] trivial —
[L] +[L] similarity []
[1|Q2r+1] −[Q2r+1|1] rapidity α2r+1
[1|Q2r] +[Q2r|1] similarity [α2r]
[Q2r|Q2s+1] −[Q2s+1|Q2r] dressing phase β2r,2s+1
[Q2r|Q2s] +[Q2s|Q2r] similarity [β2r,2s]
[Q2r+1|Q2s+1] ±[Q2s+1|Q2r+1] nonlocal —
[1|Z] +[Z|1] similarity [φ]
[Z|Q2r+1] −[Q2r+1|Z] momentum twist η2r+1
[Z|Q2r] +[Q2r|Z] similarity [η2r]
— — q-deformation ~
— — NN boundary phases ξ∓
basis change basis change eigenvalues γ2r,2s, γ2r,1, γ2r,Z
Table 2: Overview of different integrable deformations for the XXZ spin chain
with open boundary conditions. The parameters in square brackets have no im-
pact on the spectrum.
[P|Qr] using this method of deformation. The momentum operator P might also be a
hint on the origin of the NN boundary phase whose leading contribution is linear in the
momentum as opposed to the long-range boundary phases.
Acknowledgements. The work of NB and MdL is partially supported by grant no.
200021-137616 from the Swiss National Science Foundation.
A Solutions of the Yang–Baxter Equation
The R-matrix used to describe the integrable structure of our Hamiltonian was found
by explicitly solving the Yang–Baxter equation. In fact, assuming the R-matrix to be of
difference form allows we are able to find all solutions of the Yang–Baxter equation that
are gl(1) invariant.
Invariance under gl(1) and assuming it to be of difference form simply implies that
the R-matrix can be written as
R(u) =

1 0 0 0
0 a(u) b(u) 0
0 c(u) d(u) 0
0 0 0 e(u)
 , (A.1)
where a, b, c, d, e are smooth functions. As per usual we insist that at u = 0 the R-matrix
reduces to the permutation operator. This fixes
a(0) = d(0) = 0, b(0) = c(0) = e(0) = 1. (A.2)
Suppose that R satisfies the Yang–Baxter equation
R12(u1 − u2)R13(u1 − u3)R23(u2 − u3) = R23(u2 − u3)R13(u1 − u3)R12(u1 − u2), (A.3)
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then we find functional relations between the functions a, b, c, d, e. For instance we have
b(u1 − u2)b(u2 − u3)c(u1 − u3) = b(u1 − u3)c(u1 − u2)c(u2 − u3). (A.4)
Expanding this around u2 = u+ u3 implies the following differential equation
(b′(0)− c′(0))b(u)c(u) + b(u)c′(u) = c(u)b′(u). (A.5)
Hence, using that b(0) = c(0) this is solved to give
c(u) = e(c
′(0)−b′(0))b(u). (A.6)
Using the same expansion on all the coefficients of the Yang–Baxter equation we further-
more derive
a(u) =
b′(u)
d′(0)b(u)
− b
′(0)
d′(0)
, b(u)(a′(0) + c′(0)a(u)− a′(u)) + a(u)b′(u) = 0, (A.7)
which are then readily combined to yield a second order differential equation for a only.
In this way we can solve for all the functions in the R-matrix. We find that a solution
only exists if e′(0) = 0 or e′(0) = b′(0) + c′(0). Finally imposing that the R-matrix is
unitary, i.e. R12(u)R21(u) = 1 we find two different solutions
15, namely (2.3) and
R˜(u) =

1 0 0 0
0 eφ sinh ~u
sinh ~(u+i) e
iψu sin ~
sinh ~(u+i) 0
0 e−iψu sin ~
sinh ~(u+i) e
−φ sinh ~u
sinh ~(u+i) 0
0 0 0 − sinh ~(u−i)
sinh ~(u+i) .
 . (A.8)
These two solutions were expected since they correspond to twisted, quantum deformed
sl(2) and sl(1|1) respectively. Nevertheless, we find that these are all solutions of this
type. The R-matrix R˜ generates a Hamiltonian which does not contain the term σz ⊗ σz
and hence is not suited to describe the integrable structure of the Hamiltonian (2.2).
B Boundary Scattering
Let us briefly specify some of the properties of the R- and K-matrices in the context of
open spin chain integrability. The shift iκ and the matrix M in (6.3) are distinguished
by the following crossing unitarity relation satisfied by the R-matrix (2.3):
Rt112(u, φ)(M⊗ 1)Rt212(−u− 2iκ,−φ)(M−1 ⊗ 1) = ζ(u+ iκ). (B.1)
Here
ζ(u) = e2κρ
(
cosh2 i~κ+ coth2 ~u sinh2 i~κ
)
(B.2)
and tk denotes transposition in the space k. The R- and K-matrices satisfy the following
boundary Yang–Baxter equations:16
R(u− v)(K−(u)⊗ 1)R−1(−u− v)(1⊗K−(v))
=
(
1⊗K−(v)
)R(u+ v)(K−(u)⊗ 1)R−1(−u+ v), (B.3)
R(−u+ v)(Kt1+(u)M−1 ⊗ 1)R−1(u+ v + 2iκ)(M⊗Kt2+(v))
=
(M⊗Kt2+(v))R(−u− v − 2iκ)(M−1Kt1+(u)⊗ 1)R−1(u− v). (B.4)
15The exact relation between the parameters φ, ψ, ~, and the constants from the differential equation
is rather involved but can be worked out explicitly
16Note that R−1(u, φ) = Rt1t2(−u,−φ).
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C Boundary Phase from Bilocal Charges
Consider two bilocal charges [Q2r,−|Q2s+1,−] and [Q2s+1,+|Q2r,+] representing generators
on the left- and right-open spin chain, respectively. Here we assume that the local charges
Q2r,∓ and Q2s+1,∓ have vanishing vacuum eigenvalues and that the bilocal charges have
the following one-magnon dispersion relation in the bulk of the chain:
[Q2r,−|Q2s+1,−]|u〉 = φ1(u)|u〉, [Q2s+1,+|Q2r,+]|u〉 = φ2(u)|u〉. (C.1)
Note that the odd charges Q2s+1,− and Q2s+1,+ may differ by boundary terms but coincide
in the bulk. The even charges Q2r,− and Q2r,+ might also differ by a boundary similarity
transformation. Up to a local regularization Y , the sum of bilocal charges equals the
ordinary product of the local charges in the bulk:
[Q2r,−|Q2s+1,−] + [Q2s+1,+|Q2r,+] ' [Q2r][Q2s+1] + [Y ]. (C.2)
This implies for the dispersion relations
φ1(u) + φ2(u) = q2r(u)q2s+1(u) + y(u), (C.3)
where y(u) denotes the one-magnon dispersion relation of [Y ].
Now we may deform with the operators 2i[Q2r,−|Q2s+1,−] and −2i[Q2s+1,+|Q2r,+] which
induces boundary scattering phases at the left or right boundary, respectively. These take
the form
ω−(u, u¯) = 2i
(
φ1(u¯)− φ1(u)
)
, ω+(u¯, u) = 2i
(
φ2(u¯)− φ2(u)
)
. (C.4)
The resulting scattering factor in the Bethe equations of the finite open spin chain is then
given by
ωbound(u, u¯) = ω−(u, u¯) + ω+(u¯, u) = −4iq2r(u)q2s+1(u) + y(u¯)− y(u), (C.5)
where we have used q2s+1(−u) = −q2s+1(u). In consequence we find a dressing phase
contribution to the boundary phase as well as the parity odd function y(u¯) − y(u). The
latter originates from local operators and can thus be expanded in terms of (finitely many)
odd dispersion functions q2n+1(u); hence we may absorb it into the parameters δ2r+1 in
(6.23).
The appearance of the odd local charges can also be seen from (C.2) by taking into
account (6.14): For [Q2r,−|Q2s+1,−] and −[Q2s+1,+|Q2r,+] to induce the same bulk struc-
ture, the operator Y is constrained to be a linear combination of 1, Z and the local
charges. Here 1, Z and the even local charges induce trivial deformations; consistently
their eigenvalues drop out of the combination y(u¯)− y(u).
Note that the above arguments do not allow to compute ω− and ω+ individually.
Correspondingly, when these quantities are computed from a single boundary scattering
problem in practice, one obtains terms which are hard to interpret. Gladly only their
sum appears in the Bethe equations and represents a physical quantity relevant for the
spectrum.
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